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.e multilayer plate has a great potential for automotive and aerospace applications. However, the complexity in structure and
calculation of the response impede the practical applications of multilayer plates. To solve this problem, this work proposes a new
plate finite element and a simplified finite element (FE) model for multilayer plates..e proposed new plate finite element consists
of the shear and extension strains in all layers. .e multilayer structure with the proposed new plate finite element is regarded as a
reference to calculate the reference value of the transverse response..e simplified FEmodel of multilayer plates is proposed based
on the equivalent bending stiffness by curve fitting of the reference value of the transverse response. Numerical study shows that
this approach can be used to set up the simplified FE model of multilayer plates.

1. Introduction

In recent decades, the multilayer plates have been demon-
strated to be promising engineering structures for auto-
mobiles and aerospace vehicles [1–4]. A typical multilayer
plate has three layers, including the constraint layer,
damping layer, and base layer. .e multilayer plate structure
is mainly used for vibration suppression with the con-
sumption of the strain energy since the damping layer would
deform with the relative motion of the constraint layer and
base layer [5–8]. .erefore, the strain in all layers should be
well considered when modeling the multilayer plates.

In the literatures, extensive investigations have been
conducted on the modeling of the multilayer plates
[4, 6, 9–11]. However, an assumption is usually made that
only shear train exists in the core layer and extension strain
exists in the constraint layer and base layer [12]. .is as-
sumption is not valid for certain structures and condi-
tions. Moreover, majority of researchers have studied the
multilayer plate structure by presenting the analytical so-
lutions using the modal superpositionmethod. However, the

analytical solution is quite complex and not accurate [13–
15]. On the other hand, the finite element (FE) modeling is a
good numerical method which has been extensively and
efficiently applied to investigate the vibrational behavior of
structures including the viscoelastic material [13, 14, 16–18].
However, when modeling this plate structure using the FE
method, the plate is meshed into many finite elements and
the degrees of freedom should be well defined with full
consideration of the shear, compression, and extensional
damping. For the complex modeling problem, the beam
finite element presented by Zapfe and Lesieutre with 11
degrees of freedom (DOFs) can be referred with a very good
FE model [19]. Moreover, the plate structure is an extension
of beam structure. Considering the efficiency of FE method
and accuracy of the structure of plates, the work tries to
develop a new plate finite element consisting of the shear and
extension strains in all layers as an extension of Zapfe’s beam
element.

Even though the plate structure with new plate finite
element method can develop a good FE model, there are still
plenty of DOFs involved, which makes the FE modeling of
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multilayer plate structures complicated, especially for the
plate structure with a quite thin damping layer. To ease the
computational burden and consumption cost, a simpli�ed
method should be developed. In [20], a simpli�ed FEmodel
for beam structures with three layers is presented by using
single-layer equivalent FE method. �e equivalent material
properties are calculated and then a regular beam is
constructed. Considering the simplicity and accuracy, this
work also attempts to develop a simpli�ed FE model for
multilayer plates by curve �tting the equivalent bending
sti ness.

In this research, a new plate �nite element for multi-
layer plate is developed, and a simpli�ed FE model of
multilayer plates is proposed based on the equivalent
bending sti ness by curve �tting the response values cal-
culated from the multilayer plate structure with new plate
�nite element. �e rest of this paper is organized as follows.
Section 2 presents the proposed new plate �nite element as
an extension of Zapfe’s beam element with validation.
Subsequently, the simpli�ed FE model for multilayer plates
is described in Section 3. Finally, conclusions are given in
Section 4.

2. NewPlate Finite Element forMultilayer Plate

�is section presents a new plate �nite element for multi-
layer plate for FE modeling. First, the new plate �nite ele-
ment is proposed with the analysis of degree of freedom
(DOF), and then a validation is conducted by comparison
with the published data.

2.1. Proposed New Plate Finite Element for Multilayer Plate.
�e element formulated in the work of Zapfe and Lesieutre
was used as the reference in the curve �tting of a transfer
function of the multilayer beam [19]. �is element can be
extended to constrained layer damped plates. �e basic
formulations in the work of Zapfe and Lesieutre can be
followed to develop the new plate elements with more de-
grees of freedom [19]. Figure 1 gives the multilayer plate
studied in this work. It consists of three layers. Layer 1, layer
2, and layer 3 are the base layer, damping layer, and con-
straining layer, respectively. Figure 2 shows the DOFs of the
new plate element. Each of the four nodes in every corner
has eight longitudinal degrees of freedom and one transverse
degree of freedom. Note that there are �ve additional
midnodes in the element in order to avoid shear locking.
�ese �ve midnodes have only one transverse degree of
freedom.

As described in Figure 1, the DOF vector of each node
can be given in the following equations. For nodes m, k, p,
and q, there are four DOFs in the u and v directions, re-
spectively, and one DOF in the w direction. For nodes 1, 2, 3,
4, and 5, only one DOF exists in the w direction. To fully
characterize the shear strain and extension strain and clearly
represent the transverse displacement at each location of the
plate, the DOF vectors Uj(j � m, k, p, k, 1, 2, 3, 4, 5) are
represented as

Um � um1, um2, um3, um4, vm1, vm2, vm3, vm4, wm[ ],
Uk � uk1, uk2, uk3, uk4, vk1, vk2, vk3, vk4, wk[ ],

Up � up1, up2, up3, up4, vp1, vp2, vp3, vp4, wp[ ],

Uq � uq1, uq2, uq3, uq4, vq1, vq2, vq3, vq4, wq[ ],

U1 � w1,

U2 � w2,

U3 � w3,

U4 � w4,

U5 � w5.

(1)

By combining all of the DOFs of each node, the DOF
vector of the proposed new �nite element for the multilayer
plate can be expressed in the following equations:

U � Um,U1,Uk,U2,U3,U4,Up,U5,Uq[ ]

� [um1, um2, um3, um4, vm1, vm2, vm3, vm4, wm, w1, uk1, uk2,

· uk3, uk4, vk1, vk2, vk3, vk4, wk, w2, w3, w4, up1, up2, up3,

· up4, vp1, vp2, vp3, vp4, wp, w5, uq1, uq2, uq3, uq4, vq1, vq2,

· vq3, vq4, wq].
(2)

It can be found that each �nite element for the multilayer
plate has 41 DOFs. During the FEmodeling, the multilayer is
meshed into many elements with nx and ny nodes in the
longitudinal directions. �e overall DOF in the multilayer
plate structure can be expressed as

nDOF � 9nxny + 3nx − 2( ) ny − 1( ) + nx − 1. (3)

For each meshed element, a shape function matrix
N(N ∈ R3×12) for each layer can be de�ned as

N �
P1

P2

P3


 �

n1 0 0 n2 0 0 n3 0 0 n4 0 0

0 n1 0 0 n2 0 0 n3 0 0 n4 0

0 0 n1 0 0 n2 0 0 n3 0 0 n4


,

(4)

where the shape function in matrix N can be written as n1 �
y/ly −xy/lxly, n2 � xy/lxly, n3 � 1− x/lx −y/ly+ xy/lxly,
and n4 � x/lx −xy/lxly. �e variables x and y are the lon-
gitudinal coordinates; lx and ly are the length and width of
each meshed element, respectively. By calculating the dif-
ferences of matrices P1, P2, and P3, a new shape function
B(B ∈ R5×12) can be obtained:

B �
zP1

zx
;
zP2

zy
;
zP1

zy
+
zP2

zx
;
zP3

zx
;
zP3

zx
[ ]. (5)

Layer 3
Layer 2

Layer 1

Figure 1: Multilayer plate.

2 Shock and Vibration



Meanwhile, a modulus matrix Ec(Ec ∈ R5×5) with
Young’s modulus E and shear modulus G can be for-
mulated as

Ec �

E 0 0 0 0

0 E 0 0 0

0 0 E 0 0

0 0 0 G 0

0 0 0 0 G





. (6)

�en, the corresponding sti ness matrix KK and mass
matrixMM of eachmeshed element in each layer can be set as

MM � ρPTP,

KK � BTEcB,
(7)

where ρ is the density of the plate. Since the multilayer plate
is meshed in many plate �nite elements, the sti ness matrix
K and mass matrix M can be obtained by integrating the
sti ness matrix KK and mass matrixMM of each plate �nite
element in the plate structure. By exciting a given force
vector, the response can be obtained according to the
Lagrange formula [21]:

M €X + KX � F,

X � F K−ω2M[ ]
−1
,

(8)

where F stands for the excited force vector; ω represents the
inherent frequency of the multilayer plate structure; andX is
the responsematrix of themultilayer plate withmeshed plate
�nite elements. �e response matrix X can be obtained by
combining the matrix U in each plate �nite element.

2.2. Validation of Proposed New Plate Finite Element.
After the plate element is formulated, it should be validated
to illustrate its e ectiveness. In the existing literature, Kung
and Singh provided some results calculated by the analytical
model developed for the beam element in their work [22].
Naturally, these data can be used here to validate the plate
element. Table 1 gives the con�guration of a plate to be
validated which is simply supported along all four edges.

�e comparison of the frequency and loss factor be-
tween the published data [22] and the data calculated by
the new plate element is presented in Tables 2 and 3,
respectively. From Tables 2 and 3, it can be seen that the
new plate element provides close results to the published
data in the work of Kung and Singh by predicting the
natural frequencies and loss factors. �e di erence of
frequency between the data in Kung and Singh and new
plate �nite element at each mode is less than 9%, while the
di erence of loss factor is less than 16%. �e biggest
di erences of frequency and loss factor are 8.8% and
15.9%, respectively. �e biggest di erence appears at the
mode (1, 1) with the lowest frequency and highest loss
factor. Moreover, both the di erences of frequency and
loss factor decrease along with the increase of the mode.
�us, the proposed new �nite element matches well with
the published data, especially for high modes. As a result,
the multilayer with the proposed new �nite element can be
used as the reference to regress the equivalent plate
bending sti ness as described.

3. Simplified FE Model for Multilayer Plates

�is section presents the simpli�ed FE model for multilayer
plates. First, the equivalent bending sti ness is derived by
using curve �tting method. �en, a simpli�ed FE model is
developed and simulated by applying the equivalent bending
sti ness to a regular single-layer plate element.

3.1. Identi�cation of Equivalent Bending Sti ness. Since there
is no closed-form solution for the multilayer plate structure,
an example is given here based on the curve �tting of the

Table 1: Plate parameters for validation.

Properties Layer 1 Layer 2 Layer 3
Density (kg/m3) 7800 2000 7800
Young’s modulus (Pa) 207e9 12e6 207e9
Shear modulus (Pa) 80e9 4e6 80e9
�ickness (m) 0.002 0.002 0.002
Length (m) 0.4 0.4 0.4
Width (m) 0.4 0.4 0.4
Loss factor 0 0.38 0

p q

m k1

2 3 4

5

(a)

w

u

v

w

Nodes m, k, p and q:

Nodes 1, 2, 3, 4 and 5:

(b)

Figure 2: Analysis of DOF for the proposed new plate �nite element for multilayer plate. (a) Proposed new plate �nite element for
multilayer plate. (b) Analysis of DOF for each node for multilayer plate.
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response, instead of the transfer function, in order to derive
the equivalent plate bending sti ness. At �rst, the transverse
vibration response can be calculated analytically by using a
modal superposition method [23]. �en, this response can be
regressed according to the reference value calculated by the
proposed new plate element in Section 2. For a clamped
multilayer plate considered here, Table 4 gives the parameters.
A unit amplitude harmonic force is applied on the center of
the multilayer plate, as shown in Figure 3. Figure 4 shows the
response at the center of the multilayer plate under di erent
frequencies. �is response is used as the reference to regress
the response calculated by the analytical modal superposition
method. In this work, an undampedmultilayer plate is used in
the numerical example of regression of the equivalent bending
sti ness of the plate structure.

�e approach for obtaining equivalent properties is de-
scribed in the following. �e analytically calculated response
is regressed based on the reference value at the �rst two
resonances. Subsequently, with equation (8), the equivalent
bending sti ness can be calculated with corresponding
sti ness matrix. In this example, the resonances are selected at
the frequencies of around 75Hz and 285Hz. �en, a line/
curve can be obtained by �tting the two obtained equivalent
bending sti ness at the two resonant frequencies. Figure 5
demonstrates how a smooth curve �ts to the two resonant
frequencies in order to determine bending sti ness. It should
be noted that this example just shows the basic idea of
extracting equivalent properties. In reality, the curve �tting
should be conducted for more resonant frequencies.

3.2. Development and Simulation of Simpli�ed FE Model.
After the equivalent multilayer plate bending sti ness is de-
rived, it is applied to the regular single-layer plate structure to
set up the simpli�ed FE model. For the single-layer plate
structure, the same nodes are used to present the DOF as the
multilayer plate structure, as shown in Figure 6. By combining
all of the DOFs of each node, the DOF vector of the proposed
new �nite element for single-layer plate can be expressed in
the following equations:

Us � Ums,U1s,Uks,U2s,U3s,U4s,Ups,U5s,Uqs[ ]

� [ums1, um2, vms1, vms2, wms, ws1, usk1, usk2, vks1, vks2, wsk,
· ws2, ws3, ws4, ups1, ups2, vps1, vps2, wps, ws5, uqs1, uqs2,

· vqs1, vqs2, wqs].
(9)

Based on the de�ned DOF vectors, it can be seen that
each �nite element for the single-layer plate has 25 DOFs.
For the meshed multilayer plate structure, the overall DOF is

Table 4: Plate parameters for curve �tting.

Properties Layer 1 Layer 2 Layer 3
Density (kg/m3) 7800 2000 7800
Young’s modulus (Pa) 2e11 2e6 2e11
Shear modulus (Pa) 8e10 8e5 8e10
�ickness (m) 0.001 0.001 0.001
Length (m) 0.4 0.4 0.4
Width (m) 0.4 0.4 0.4
Loss factor 0 0 0

Unit amplitude
harmonic force

Figure 3: Unit amplitude harmonic force applied on the center of
the multilayer plate.

Table 2: Comparison of frequency between the data in Kung and
Singh [22] and new plate �nite element.

Mode Results of Kung and
Singh [22] New element Di erence (%)

(1, 1) 975Hz 889Hz 8.8
(1, 2) 2350Hz 2207Hz 6.1
(2, 1) 2350Hz 2207Hz 6.1
(2, 2) 3725Hz 3511Hz 5.7

Table 3: Comparison of loss factor between the data in Kung and
Singh [22] and new plate �nite element.

Mode Results of Kung and
Singh [22] New element Di erence (%)

(1, 1) 0.044 0.051 15.9
(1, 2) 0.019 0.021 10.5
(2, 1) 0.019 0.021 10.5
(2, 2) 0.012 0.013 8.3
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Figure 4: Response of the center of the multilayer plate calculated
with the new plate element.
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nsDOF � 5nxny + 3nx − 2( ) ny − 1( ) + nx − 1. (10)

After de�ning the DOF vector of the proposed new �nite
element for the single-layer plate, the corresponding sti ness
matrix and mass matrix can be set based on the boundary
conditions and equivalent multilayer bending sti ness. With
the given sti ness matrix andmass matrix, the response of the
regular single-layer plate structure can be obtained according
to the Lagrange formula presented in equation (4).

3.3. Simulation of Simpli�ed FE Model. Figure 7 shows the
comparison between the reference and the response cal-
culated with a simpli�ed FE model. It can be seen that they
match well in most frequency ranges except in the frequency
range of antiresonance. �e frequencies of resonances cal-
culated by a simpli�ed FE model are in good agreement with
the reference. �e di erence of frequency at the anti-
resonance is less than 10%. Even though the frequency of
antiresonance is a little di erent, the response values ob-
tained by two methods are almost the same. �e goal of this
example is to show the possible solution of setting up the
simpli�ed FE model for multilayer plates. As a result, this
approach can be used to e ectively set up the simpli�ed FE
model of multilayer plates. Besides, the approach can be

improved by curve �tting over more resonances or deriving
approximate solutions of the plate transverse displacements
in order to derive the transfer function. �e latter can be
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Nodes m, k, p and q:

Nodes 1, 2, 3, 4 and 5:

(b)

Figure 6: Analysis of DOF for the proposed new plate �nite element for the single-layer plate. (a) Proposed new plate �nite element for the
single-layer plate. (b) Analysis of DOF for each node for the single-layer plate.
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Figure 5: Equivalent bending sti ness obtained for simpli�ed FE model.
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better because the transfer function contains more structural
characteristics than the simple response, so it will be con-
sidered as a future work.

4. Conclusions

.is paper proposes a new plate finite element as an ex-
tension of Zapfe’s beam element and a simplified FE model
of multilayer plates. First, the new plate finite element is
developed as a reference. .en, the curve fitting approach is
applied to multilayer plates with the reference value to derive
the equivalent bending stiffness. Finally, a simplified FE
model of multilayer plates is proposed by applying the
derived equivalent bending stiffness to a regular single-layer
plate structure. .e numerical example shows that this
approach can be used to effectively set up the simplified FE
model of multilayer plates.

In terms of applications, the proposed method can
provide guidance in model development for the active vi-
bration control of high-performance light weight smart
structures, such as wind turbine, helicopter and aircraft
structures, and so on. In addition, the approach can be
further improved by curve fitting over more resonances or
deriving approximate solutions in the future. Also, the plates
with different boundary conditions and loading modes
should be studied in future works. In addition, the simplified
modeling of the multilayer plate with rotation will be further
investigated.
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